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Abstract
In this paper we prove the generalized Hyers–Ulam–Rassias stability of extended derivations on unital
Banach algebras associated to a generalized Jensen equation.
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1. Introduction
In 1940 Ulam [17] posed the first stability problem concerning the stability of group homo-
morphisms. In the next year, Hyers [5] gave a partial affirmative answer to the question of Ulam
in the context of Banach spaces. In 1978, Th.M. Rassias [15] generalized the theorem of Hyers
in the following form.
Assume that E1 and E2 are real normed spaces with E2 complete, f :E1 → E2 is a mapping
such that for each fixed x ∈ E1 the mapping t → f (tx) is continuous on R, and let there exist
ε  0 and p ∈ [0,1) such that
∥∥f (x + y) − f (x) − f (y)∥∥ ε(‖x‖p + ‖y‖p), (1.1)
for all x, y ∈ E1. Then there exists a unique linear mapping T :E1 → E2 such that
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for all x ∈ E1.
This result provided a lot of influence for the development of the concept of generalized
Hyers–Ulam stability which is known today as Hyers–Ulam–Rassias stability of functional
equations; cf. [3,6,7,16]. In 1994, P. Ga˘vruta [4] provided a generalization of Th.M. Rassias’
theorem in which he followed the spirit of the approach of the paper [15] and replaced the bound
ε(‖x‖p +‖y‖p) in (1.1) by a general control function ϕ(x, y). During the last decades several sta-
bility problems of functional equations have been investigated by a number of mathematicians;
see [1,10,12,14] and references therein. The first result on the stability of the Jensen equation
2f (x+y2 ) = f (x) + f (y) was given by Z. Kominek [9].
A linear mapping δ from a unital algebra A into itself is called an extended derivation if
δ(xy) = xδ(y)+δ(x)y −xδ(1)y for all x, y ∈A; cf. [8]. Following the approach of M.S. Mosle-
hian [11], we establish the generalized Hyers–Ulam–Rassias stability of extended derivations
associated to the generalized Jensen equation
f
(
x + y
K
)
= f (x) + f (y)
K
,
where K is an integer greater than 1. Throughout the paper A denotes a unital Banach algebra
with unit 1.
2. Main result
Theorem 2.1. Suppose f :A→A is a mapping with f (0) = 0 for which there exists a function
ϕ :A×A×A×A→ [0,∞) such that
lim
n→∞K
−nϕ
(
Kna,Knb,Knc,Knd
)= 0,
ϕ˜(a) :=
∞∑
n=1
K−n+1ϕ
(
Kna,0,0,0
)
< ∞,
∥∥∥∥f
(
λa + λb
K
+ cd
)
− λf (a)
K
− λf (b)
K
− cf (d) − f (c)d + cf (1)d
∥∥∥∥
 ϕ(a, b, c, d), (2.1)
for all λ ∈ T = {λ ∈ C: |λ| = 1} and all a, b, c, d ∈ A. Then there exists a unique extended
derivation δ :A→A such that∥∥f (a) − δ(a)∥∥ ϕ˜(a), (2.2)
for all a ∈A.
Proof. Put b = c = d = 0, λ = 1, and replace a by Ka in (2.1) to get∥∥∥∥f (a) − 1K f (Ka)
∥∥∥∥ ϕ(Ka,0,0,0) (a ∈A).
One can use induction to show that∥∥∥∥f (K
na)
Kn
− f (K
ma)
Km
∥∥∥∥
n∑
K−j+1ϕ
(
Kja,0,0,0
)
, (2.3)j=m+1
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Kn
} is Cauchy
and so it is convergent, since A is a complete normed algebra. Set
δ(a) := lim
n→∞
f (Kna)
Kn
(a ∈A).
Putting c = d = 0 and replacing a, b by Kna,Knb, respectively, in (2.1), we get∥∥∥∥K−nf
(
Kn
λa + λb
K
)
− λ
K
K−nf
(
Kna
)− λ
K
K−nf
(
Knb
)∥∥∥∥K−nϕ(Kna,Knb,0,0).
Taking the limit as n → ∞ we obtain
δ
(
λa + λb
K
)
= λ
K
δ(a) + λ
K
δ(b), (2.4)
for all a, b ∈A and all λ ∈ T. Setting b = 0 and λ = 1 in (2.4) we get
δ
(
a
K
)
= 1
K
δ(a),
for all a ∈A. Hence
λδ(a) + λδ(b) = Kδ
(
λa + λb
K
)
= δ(λa + λb),
for all a, b ∈ A, in particular δ is additive. Let now γ = θ1 + iθ2 ∈ C, where θ1, θ2 ∈ R. Let
γ1 = θ1 − [θ1], γ2 = θ2 − [θ2], where [r] denotes the greatest integer less than or equal to the
number r . Then 0 γi < 1 (1 i  2) and by using Remark 2.2.2 of [13] one can represent γi
as γi = λi,1+λi,22 in which λi,j ∈ T (1 i, j  2). Since δ satisfies (2.4) we infer that
δ(γ x) = δ(θ1x) + iδ(θ2x)
= [θ1]δ(x) + δ(γ1x) + i
([θ2]δ(x) + δ(γ2x))
=
(
[θ1]δ(x) + 12δ(λ1,1x + λ1,2x)
)
+ i
(
[θ2]δ(x) + 12δ(λ2,1x + λ2,2x)
)
=
(
[θ1]δ(x) + 12λ1,1δ(x) +
1
2
λ1,2δ(x)
)
+ i
(
[θ2]δ(x) + 12λ2,1δ(x) +
1
2
λ2,2δ(x)
)
= θ1δ(x) + iθ2δ(x)
= γ δ(x),
for all x ∈A. So δ is C-linear.
Let put m = 0 in (2.3) to get∥∥∥∥f (a) − f (K
na)
Kn
∥∥∥∥
n∑
j=1
K−j+1ϕ
(
Kja,0,0,0
)
,
and let take the limit as n → ∞. Then∥∥f (a) − δ(a)∥∥ ϕ˜(a),
for all a ∈A. It is known that additive mapping δ satisfying (2.2) is unique [2].
Putting λ = 1, a = b = 0 and replacing c, d by Knc,Knd , respectively, in (2.1) we obtain∥∥f (K2ncd)− Kncf (Knd)− Knf (Knc)d + K2ncf (1)d∥∥ ϕ(0,0,Knc,Knd),
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K−2nϕ
(
0,0,Knc,Knd
)
,
for all c, d ∈A. Letting n tend to infinity, we obtain
δ(cd) = δ(c)d + cδ(d) − cf (1)d, (2.5)
for all c, d ∈A. Put c = d = 1 in (2.5). We have f (1) = δ(1) + δ(1) − δ(1) = δ(1). Thus
δ(cd) = δ(c)d + cδ(d) − cδ(1)d,
for all c, d ∈A. 
Corollary 2.2. Suppose that f :A→A is a mapping with f (0) = 0 for which there exist con-
stants β  0 and p1,p2,p3,p4 ∈ (−∞,1) such that∥∥∥∥f
(
λa + λb
K
+ cd
)
− λf (a)
K
− λf (b)
K
− cf (d) − f (c)d + cf (1)d
∥∥∥∥
 β
(‖a‖p1 + ‖b‖p2 + ‖c‖p3 + ‖d‖p4),
for all λ ∈ T and all a, b, c, d ∈A. Then there is a unique extended derivation δ :A→A such
that
∥∥f (a) − δ(a)∥∥ Kβ‖a‖p1
K1−p1 − 1 ,
for all a ∈A.
Proof. Put ϕ(a, b, c, d) = β(‖a‖p1 + ‖b‖p2 + ‖c‖p3 + ‖d‖p4) in Theorem 2.1 and assume that
‖0‖pi = ∞ if pi ’s are negative. 
Theorem 2.3. Suppose that f :A→ A is a mapping with f (0) = 0 for which there exists a
function ϕ :A×A×A×A→ [0,∞) such that
lim
n→∞K
nϕ
(
K−na,K−nb,K−nc,K−nd
)= 0,
ϕ˜(a) :=
∞∑
n=0
Kn+1ϕ
(
K−na,0,0,0
)
< ∞,
∥∥∥∥f
(
λa + λb
K
+ cd
)
− λf (a)
K
− λf (b)
K
− cf (d) − f (c)d + cf (1)d
∥∥∥∥
 ϕ(a, b, c, d), (2.6)
for λ = 1, i and for all a, b, c, d ∈A. If for each fixed a ∈A the function t → f (ta) is continuous
on R then there exists a unique extended derivation δ :A→A such that ‖f (a) − δ(a)‖ ϕ˜(a)
for all a ∈A.
Proof. Setting b = c = d = 0 and λ = 1 in (2.6), we have∥∥∥∥Kf
(
a
)
− f (a)
∥∥∥∥Kϕ(a,0,0,0) (a ∈A).K
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∥∥Knf (K−na)− Kmf (K−ma)∥∥
n−1∑
j=m
Kj+1ϕ
(
K−j a,0,0,0
)
, (2.7)
for all n > m  0 and all a ∈A. It follows that for each a ∈ A the sequence {Knf (K−na)} is
Cauchy and so it is convergent, since A is a complete normed algebra. Set
δ(a) := lim
n→∞K
nf
(
K−na
)
(a ∈A).
Replacing a, b by K−na,K−nb, respectively, and putting λ = 1 and c = d = 0 in (2.6) we obtain∥∥∥∥Knf
(
K−n(a + b)
K
)
− 1
K
Knf
(
K−na
)− 1
K
Knf
(
K−nb
)∥∥∥∥
Knϕ
(
K−na,K−nb,0,0
)
,
for all a, b ∈A. Taking the limit as n → ∞ we obtain
δ
(
a + b
K
)
= δ(a)
K
+ δ(b)
K
,
for all a, b ∈ A. Hence δ is additive. By Theorem 2.1 and the same reasoning as in the proof
of the main theorem of [15], the mapping δ is R-linear. Assuming b = c = d = 0 and λ = i, it
follows from (2.1) that ‖f ( ia
K
) − if (a)
K
‖ ϕ(a,0,0,0) for all a ∈A. Hence∥∥Kn+1f (K−(n+1)ia)− iKnf (K−na)∥∥Kn+1ϕ(K−na,0,0,0),
for all n ∈N and a ∈A. The right-hand side tends to zero as n → ∞, so that
δ(ia) = lim
n→∞K
n+1f
(
K−(n+1)ia
)
= lim
n→∞ iK
nf
(
K−na
)
= iδ(a)
for all a ∈A. Then for each λ = r1 + ir2 (r1, r2 ∈ R),
δ(λa) = δ(r1a + ir2a) = r1δ(a) + r2δ(ia)
= r1δ(a) + ir2δ(a) = (r1 + ir2)δ(a)
= λδ(a).
Thus δ is C-linear.
Put m = 0 in (2.7), to get
∥∥Knf (K−na)− f (a)∥∥
n−1∑
j=0
Kj+1ϕ
(
K−j a,0,0,0
)
.
Taking the limit as n → ∞, we have∥∥f (a) − δ(a)∥∥ ϕ˜(a),
for all a ∈A. That δ is a extended derivation can be deduced in the same fashion as in the proof
of Theorem 2.1. 
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p1,p2,p3,p4 ∈ (1,∞) such that∥∥∥∥f
(
λa + λb
K
+ cd
)
− λf (a)
K
− λf (b)
K
− cf (d) − f (c)d + cf (1)d
∥∥∥∥
 β
(‖a‖p1 + ‖b‖p2 + ‖c‖p3 + ‖d‖p4),
for all λ ∈ T and all a, b, c, d ∈A. Then there is a unique extended derivation δ :A→A such
that
∥∥f (a) − δ(a)∥∥ Kp1β‖a‖p1
Kp1−1 − 1 ,
for all a ∈A.
Proof. Put ϕ(a, b, c, d) = β(‖a‖p1 + ‖b‖p2 + ‖c‖p3 + ‖d‖p4) in Theorem 2.3. 
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